Fiedler and Nikiforov gave sufficient conditions for the existence of Hamilton paths and cycles in terms of spectral radii of a graph and its complement, which stimulated much later works on this topic. The class of claw-free graphs, which contains line graphs as a subclass, is an important type of graphs. Motivated by Fiedler and Nikiforov's works, in this paper we prove tight sufficient spectral conditions for Hamilton cycles in 2-connected claw-free graphs and Hamilton paths in connected claw-free graphs. Our strategy is to deduce spectral results from structural results, and main tools include Ryjácek's claw-free closure theory, Turán's theorem and a characterized theorem of minimal 2-connected non-hamiltonian claw-free graphs due to Brousek, together with some spectral inequalities.
Introduction
We will continue our recent works [16] . The main goal of this note is to give spectral conditions for Hamiltonicity of 2-connected claw-free graphs. For terminology and notation not defined but used, we refer the reader to [2, 5] . For a graph G, we denote by e(G) the edge number of G and ω(G) the clique number of G. For two graphs G 1 and G 2 , let G 1 + G 2 and G 1 ∨ G 2 denote the disjoint union and join of G 1 and G 2 , respectively.
Let G be a graph, A the adjacency matrix of G, and D the degree matrix of G. We call Q = D + A the signless Laplacian matrix of G. The spectral radius of G, denoted by ρ(G), is the largest value among all eigenvalues of A; and the signless Laplacian spectral radius (or Q-index ) of G, denoted by q(G), is the largest value among all eigenvalues of Q.
A graph G is called Hamiltonian (traceable) if there is a Hamilton cycle (Hamilton path), i.e., a cycle (path) containing all vertices in G. The topic of finding spectral conditions for the existence of some kinds of subgraphs in a graph has been well studied. In particular, sufficient spectral conditions for traceability and Hamiltonicity of graphs have received much attentions from graph theorists.
Fielder and Nikiforov [8] gave tight sufficient conditions for Hamilton paths and cycles in terms of spectral radii of a graph and its complement. Theorem 1.1 (Fiedler and Nikiforov [8] ). Let G be a graph on n vertices. [8] ). Let G be a graph on n vertices.
Theorem 1.2 (Fiedler and Nikiforov
For Q-index, Zhou [20] , Nikiforov [14] , and Liu et al. [11] gave some sufficient conditions for Hamilton cycles or Hamilton paths in terms of Q-indices of a graph and its complement. Since the connectedness is a necessary condition for a graph to be traceable, it is natural to consider the traceability of graphs in the class of connected graphs. Lu et al. [12] obtained spectral radius conditions for Hamilton paths of connected graphs. Ning and Ge [15] refined Lu et al.'s results.
Some works also focus on Hamiltonicity of some special classes of graphs. Date back to 1986, Simić and Kocić [18] determined maximal spectral radius among bicyclic Hamiltonian graphs with given number of edges. Bell and Rowlinson [1] studied similar problem for tricyclic Hamiltonian graphs. Zhou et al. [21] gave some spectral radius conditions for Hamiltonicity of planar graphs and outer-planar graphs. Lu et al. [12] and Liu et al. [11] prove spectral conditions for Hamilton paths and cycles in bipartite graphs.
A graph is claw-free if it contains no copy of claw (K 1,3 ) as an induced subgraph. Claw-free graphs, including line graphs, is an important type of graphs. There are lots of results on Hamiltonian properties of claw-free graphs. The following is a well-known example, where N is the graph obtained from a triangle by adding three disjoint pendent edges. Theorem 1.3 (Duffus et al [6] ). Let G be a claw-free graph with no induced copies of N . In this note, we use EN n (n ≥ 6) to denote the graph obtained from a complete graph K n−3 by adding three disjoint pendent edges, see Fig. 1 . Note that N = EN 6 .
Recently, we proved some spectral conditions on traceability of connected claw-free graphs [16] . Theorem 1.4 (Ning and Li [16] ). Let G be a connected claw-free graph on n vertices. If ρ(G) ≥ n − 4, then G is traceable unless G ⊆ EN n . Theorem 1.5 (Ning and Li [16] ). Let G be a connected claw-free graph on n ≥ 24 vertices.
For the Q-index, we have a similar result as follows.
The proof of Theorem 1.6 is postponed to Section 3. We remark the method used here is different from [16] . Now we study the Hamiltonicity of 2-connected claw-free graphs under spectral conditions.
Before giving our main results, we first introduce some notations by Brousek. Following [4] , we use P to denote the class of graphs obtained by two triangles a 1 a 2 a 3 a 1 and b 1 b 2 b 3 b 1 , such that each pair {a i , b i } is connected by a triangle or a path of order k i ≥ 3. We use P x i ,x 2 ,x 3 to denote the graph from P, where x i = T if {a i , b i } is connected by a triangle; and Brousek [4] characterized the minimal 2-connected claw-free non-Hamiltonian graphs.
Theorem 1.7 (Brousek [4]
). Every 2-connected claw-free non-Hamiltonian graph contains an induced subgraph isomorphic to a graph in P.
From Theorem 1.7, we can see that the smallest 2-connected claw-free non-Hamiltonian graphs have order 9, and there are exactly four such graphs, namely P T,T,T , P 3,T,T , P 3,3,T and P 3,3,3 , see Fig. 2 . We use EP n (n ≥ 9) to denote the set of graphs which are obtained from P T,T,T , P 3,T,T , P 3,3,T or P 3,3,3 by replacing a triangle by K n−6 . we use EP n and EP ′ n to denote the two graphs in EP n obtained from P T,T,T by replacing a triangle by K n−6 , see Fig. 3 . Note that each graph in EP n is a subgraph of EP n or EP ′ n .
Our main results are closely related to Brousek's characterization and given as follows.
The organization of this note is as follows. In Section 2, we will introduce useful tools from structural graph theory and spectral inequalities from spectral graph theory. In Section 3, We will give proofs of our main results. In Section 4, We propose a concluding remark.
Preliminaries
In this section, we mainly give useful tools from structural graph theory and spectral graph theory.
Generally speaking, most of existed researches on this topic appeared the following characterization: The spectral part can always be deduced from the non-spectral part, and the main technique is aid of the powerful and well-chosen closure theory (see [8, 12] for example). This is also our strategy here (together with some other structural and spectral tools).
Since we study claw-free graphs here, we will use the claw-free closure theory introduced by Ryjáček [17] . To ensure the completeness of our text, all necessary terminology and notations about claw-free closure theory are included. For other more information, see [17] .
Let G be a claw-free graph. Following [17] , for a vertex x ∈ V (G), if the neighborhood of x induces a connected but not complete subgraph of G, then x is called eligible in G. Set is defined by a sequence of graphs G 1 , G 2 , . . . , G t , and vertices
and (3) cl(G) has no eligible vertices. Ryjáček [17] proved that the closure of a claw-free graph is also claw-free. Theorem 2.1 (Brandt et al. [3] ). Let G be a claw-free graph. Then G is traceable if and only if cl(G) is traceable. [17] ). Let G be a claw-free graph. Then G is Hamiltonian if and only if cl(G) is Hamiltonian.
Theorem 2.2 (Ryjáček
A claw-free graph G is said to be closed if cl(G) = G. It is not difficult to see that for every vertex x of a closed graph G, N (x) is either a clique, or the disjoint union of two cliques in G (see [17] ).
We prove the following lemma on Hamiltonicity of closed claw-free graphs.
Lemma 1. Let G be a 2-connected closed claw-free graph on n vertices. If there are two
Proof. Since uv / ∈ E(G) and d(u)+d(v) ≥ n, u and v have at least two common neighbors. Note that any two common neighbors of u and v are nonadjacent; otherwise they will be eligible vertices of G. If u and v have three common neighbors, then there will be a claw with the center u. This implies that u and v have exactly two common neighbors, say x, y, and moreover, every vertex in V (G)\{u, v, x, y} is adjacent either u or v. Note that N (u) (N (v)) is the disjoint union of two cliques. This implies that G consists of four cliques C 1 , C 2 , C 3 and C 4 containing {u, x}, {x, v}, {v, y} and {y, u}, respectively. It is easy to check that G has a Hamilton cycle.
We will need the Turán's theorem. Let T k n be the Turán graph, i.e., the complete k-partite graph of order n with k partition sets of equal or nearly equal size. [19] ). Let G be a graph and k be an integer. If e(G) > e(T k n ), then ω(G) ≥ k + 1.
Theorem 2.3 (Turán
Lemma 2. Let k be an integer and G be a closed claw-free graph on n ≥ 2(k +1) 2 vertices. If
Proof. Note that
It is easy to compute that e(G) > e(T k+1 n ) (when n ≥ 2(k + 1) 2 ). By Theorem 2.3, we have ω(G) ≥ k + 2.
Let C be a maximum clique of G and
Let v be an arbitrary vertex in H. Then v is nonadjacent to at least one vertex in C. If there are at least two neighbors of v in C, then they will be eligible vertices, contradicting the fact that G is closed. This implies that every vertex in H has at most one neighbor in C. Hence
Recall that k + 2 ≤ t ≤ n − k − 1. It is not difficult to compute that
Let G be a closed claw-free graph of order n. Taking k = 3 in Lemma 2, we can see that if n ≥ 32 and e(G) ≥ n(n − 9)/2 + 21, then ω(G) ≥ n − 3. Taking k = 6, we can see that if n ≥ 98 and e(G) ≥ n(n − 15)/2 + 57, then ω(G) ≥ n − 6. Lemma 3. Let G be a connected closed claw-free non-traceable graph on n vertices. If
Proof. Since G is connected claw-free and non-traceable, by Theorem 1.3, G contains an induced subgraph H isomorphic to N . Let C be a maximum clique of G.
and C contains the (unique) triangle of H. Thus EN n ⊆ G. Note that the graph obtained from EN n by adding any edge is traceable. Thus G = EN n . The proof is complete.
Lemma 4. Let G be a connected claw-free graph on n ≥ 32 vertices. If e(G) ≥ n(n − 9)/2 + 21, then G is traceable, unless G ⊆ EN n .
Proof. Let G ′ = cl(G). If G ′ is traceable, then so is G by Theorem 2.1. Now we assume that G ′ is non-traceable. Clearly e(G ′ ) ≥ e(G) ≥ n(n − 9)/2 + 21. Since G ′ is closed, by Lemma 2, ω(G) ≥ n − 3; and by Lemma 3, G ′ = EN n . Thus G ⊆ EN n .
Lemma 5. Let G be a 2-connected closed claw-free non-Hamiltonian graph on n vertices.
Proof. Since G is 2-connected closed claw-free and non-Hamiltonian, by Theorem 1.7, G contains an induced subgraph H isomorphic to a graph in P. Let C be a maximum clique
If |V (H)| ≥ 10, then |C ∪ V (H)| ≥ n − 6 + 10 − 3 = n + 1, a contradiction. Hence |V (H)| = 9 and G is a supergraph of a graph in EP n . If G / ∈ EP n , then easily to check that G is Hamiltonian. This implies that G ∈ EP n . The proof is complete.
Lemma 6. Let G be a connected claw-free graph on n ≥ 32 vertices. If e(G) ≥ n(n − 15)/2 + 57, then G is traceable, unless G ⊆ EP n or EP ′ n .
Proof. Let G ′ = cl(G). If G ′ is Hamiltonian, then so is G by Theorem 2.2. Now we assume that G ′ is non-Hamiltonian. Clearly e(G ′ ) ≥ e(G) ≥ n(n − 15)/2 + 57. By Lemma 2, ω(G) ≥ n − 6; and by Lemma 5, G ′ ∈ EP n . This implies that G is a subgraph of a graph in EP n . Note that every graph in EP n is either a subgraph of EP n or a subgraph of EP ′ n . Thus G ⊆ EP n or EP ′ n .
We also need several spectral inequalities as follows.
Theorem 2.4 (Hong et al. [10] ). Let G be a graph of order n without isolated vertices. Then ρ(G) ≤ 2e(G) − n + 1.
Theorem 2.5 (Feng and Yu [7] ). Let G be a graph on n vertices. Then
Theorem 2.6 (Hofmeister [9] ). Let G be a graph. Then
The following facts can be calculated by matrix analysis, and we omit the details.
Proofs of the theorems
Proof of Theorem 1.6. By Theorem 2.5,
One can get that
(n ≥ 32). By Lemma 4, G is traceable or G ⊆ EN n . The proof is complete.
Proof of Theorem 1.8. By Lemma 7 and Theorem 2.4,
The proof is complete.
Proof of Theorem 1.9. By Lemma 7 and Theorem 2.5,
Proof of Theorem 1.10. Let G ′ = cl(G). If G ′ is Hamiltonian, then so is G by Theorem 2.2. Now we assume that G ′ is not Hamiltonian. By Lemma 1, every two nonadjacent vertices u, v have degree sum at most n − 1, i.e.,
By Theorem 2.6,
By Lemma 7,
(n ≥ 98). By Lemma 6, G ⊆ G ′ ⊆ EP n or EP ′ n . But if G ⊆ EP n or G ⊂ EP ′ n , then ρ(G) < ρ(EP ′ n ), a contradiction. Thus G = EP ′ n . The proof is complete.
Concluding remarks
Nikiforov [14] gave the following result in terms of Q-index of the complement of a graph.
Theorem 4.1 (Nikiforov [14] ). Let G be a graph of order n.
(1) If q(G) ≤ n, then G is traceable unless G is the union of two disjoint complete graphs or n is even and G = K n/2−1,n/2+1 . (2) If q(G) ≤ n − 1, then G is Hamiltonian unless G is the union of two complete graphs with a single joint vertex or n is odd and G = K (n−1)/2,(n+1)/2 .
One may also try to find the similar theorems for claw-free graphs as Theorem 4.1. Unfortunately, the method developed here cannot work for this question.
